ABSTRACT In structural reliability calculation, there are fuzzy uncertainties in the distribution parameters of random variables, which bring the problem of large computation and poor precision. In order to improve accuracy and efficiency of structural reliability, a novel structural reliability calculation method with fuzzy random variables is proposed from the perspective of perturbation principle. First, the fuzzy characteristic parameters of the structural fuzzy random variables are expressed as the sums of their true values and fuzzy perturbations. At the same time, the perturbations are equivalently selected. Second, the probability density function and the performance function are decomposed into a series of intervals under different level cut sets, and the Taylor series is expanded on the upper and lower limits of the intervals. Finally, according to the definition of structural reliability, based on the direct integration method, the sigmoid function is introduced into the reliability function to approximate the step function, and the fuzzy reliability is obtained. The simulation results show the effectiveness and accuracy of the proposed method, and it provides a feasible way for structural reliability analysis with fuzzy variables or fuzzy random variables.
I. INTRODUCTION
There are a lot of uncertainties in practical engineering problems [1] - [3] , including random uncertainty and cognitive uncertainty. Random uncertainty originates from natural changes and it is considered as a random variable which is analyzed by probability theory. Cognitive uncertainty is the uncertainty caused by limited knowledge, imperfect modeling or insufficient data, and the most common one is fuzzy uncertainty. In engineering practice, stochastic uncertainty problems often use probability theory and mathematical statistics to determine the distribution probability model with random variables. When reliability design samples or relevant data are few, the characteristic parameters of random variables cannot be correctly estimated and their distribution probability model cannot be determined. So it is necessary to rely on the experience of experts to determine relevant parameters, which is one of reasons for fuzzy uncertainty. For structural analysis problems with fuzzy uncertainties, it is very difficult to describe them using conventional reliability theory or methods, even improperly using conventional reliability analysis methods may result in completely
The associate editor coordinating the review of this manuscript and approving it for publication was Cheng Qian. inconsistent calculation results with actual conditions. Therefore, it is of practical significance to apply fuzzy reliability theory or method to analyze structural analysis problems with fuzzy uncertainties.
In 1965, Professor L A. Zadeh proposed the concept of fuzzy sets [4] . Subsequently, the concept of fuzzy variables [5] and the probability distribution of fuzzy variables [6] were proposed. In 1975, Professor A. Kaufmann applied fuzzy mathematics theory to structural reliability analysis problems [7] . In 1980, Brown et al. [8] performed structural reliability analysis by using fuzzy set theory to classify structural damage. Brown used fuzzy set theory to represent structural reliability, and used information entropy to characterize uncertainty reliability [9] , and proposed the concept of structural fuzzy security measure [10] . Bilal and Lai [11] introduced the concept of fuzzy probability. For random variables and fuzzy variables, R. K. Reddy proposed an analytical method for random fuzzy reliability [12] . Sawyer et al. proposed the structural fuzzy security metric using the uncertainty of mechanical system and fuzzy set theory. The index was based on the degree of fuzzy number within the fuzzy limit [13] . Professor Huang established the fuzzy reliability theory of mechanical structure and analyzed the fuzzy reliability of the structure for different fuzzy safety state forms [14] . For the structure with randomness and fuzziness, an effective method for determining the membership function was established by constructing the membership function, and a structural fuzzy reliability analysis method for fuzzy security state was proposed. Tang et al. [15] proposed an effective numerical estimation method for fuzzy failure probability based on mathematical transformation from fuzzy probability to random probability. Li et al. [16] uniformly distributed the membership degrees of different fuzzy variables as independent criteria and proposed a new fuzzy reliability model to measure the security of fuzzy variable structures.
Fuzzy random variables were proposed by Professor Kwakernaak in 1978 [17] , [18] . In recent decades, the research of structural fuzzy reliability based on fuzzy random variables has developed rapidly [19] - [26] . A fuzzy random variable is a variable whose distribution parameters (such as mean or standard deviation) are fuzzy numbers. Puri re-defines the definition of fuzzy random variables and expectations [19] . Liu et al. [22] defined the fuzzy random failure function of the structure with fuzzy random variables as the basic variables, and analyzed the fuzziness of the structural reliability state and the failure state. The fuzzy stochastic limit state equation of the structure was established, and the calculation method of structural fuzzy random reliability was proposed. Couso and Sánchez [27] proposed a high-order likelihood model that represented imprecise information provided by fuzzy random variables. For the structure with fuzzy random variables, Mohsen used the interval Monte Carlo method and the interval finite element method to evaluate the failure probability [28] .
Perturbation theory has developed rapidly since the 1950s, and its research results have been widely applied in basic theoretical research such as celestial mechanics, solid mechanics, fluid mechanics, optics, quantum mechanics, acoustics, biology, chemistry and so on. In recent years, the perturbation method has been applied to the reliability analysis of structures. Perturbation technique is a process of transforming a nonlinear equation into a linear equation by Taylor series expansion and then solving it step by step. Its advantage is to avoid the problem that nonlinear equations are difficult to solve. Hu et al. [29] used the stochastic perturbation theory to derive the first four moments of the stochastic dynamic system response of the multi-stage gear transmission system based on the Kronecker product numerical value and the differential theory of the matrix, and the structural reliability sensitivity was analyzed. Zhu et al. [30] combined the reliability design theory with the sensitivity analysis method and used the random perturbation method to calculate the reliability sensitivity. In the process of solving the analytical solution of linear equations by perturbation method, the perturbation finite element method was obtained when the boundary conditions of the structure were complicated. For the case where the uncertainty in the interval parameter is small, according to the infinitesimal analysis, Qiu et al. [31] regarded the uncertainty of the interval parameter as the disturbance of the midpoint of the interval parameter, so the interval perturbation method was used to evaluate the influence of interval parameters on the static response of the structure. When there were large interval parameters in structural static response problems [32] , the subinterval perturbation method was used to estimate the boundary of the structural static response. But since the interval perturbation method ignored the correlation between the matrix and the force vector, there was a certain uncertainty in the calculation accuracy. Because of this, Mcwilliam proposed an improved interval perturbation method [33] . Qiu et al. [34] proposed the interval perturbation analysis method for uncertain parameters based on the dynamic response of nonlinear vibration system combined with first-order perturbation theory. Yin et al. [35] introduced the second-order Taylor expansion interval method into the sound field parameters, and derived the acoustic interval perturbation analysis based on the second-order Taylor expansion. Fujita and Takewaki [36] used the second-order perturbation principle to analyze the dynamic response of building structures based on the extreme points of the uncertain variable interval. For fuzzy structural problems, Lei and Qiu [37] used the concept of information entropy to transform fuzzy variable into random variable, and treated fuzzy structure as random structure. When the random variable transformed from fuzzy structure was in a small disturbance, the finite element recursive equations were obtained according to the perturbation method, and the mean and variance of the response are obtained. On the basis of the reliability JC method, when considering the correlation of random variables Zhang et al. [38] proposed a highefficiency and high-precision structural reliability analysis method combined with random perturbation method -the maximum possible point perturbation method.
Considering the merits of fuzzy variables theory and perturbation method, a novel method is proposed in this paper. For the perturbation method, its key is to find the analytical solution of the linear equation and then perform the stepwise calculation. When there is no equation for the perturbation method, it is difficult to solve the structural reliability by the perturbation method. In this paper, for structural reliability analysis with fuzzy random variables, without relying on the equation, according to the idea of perturbation method and the basic concept of reliability, the structural fuzzy reliability is perturbed, and the reliability is solved by direct integration method.
The rest of the paper is organized as follows. Section 2 is the quantification of fuzzy variables. Next Section 3 is the perturbation analysis of structural reliability. After that numerical examples have been considered in Section 4. Lastly Section 5 includes conclusions.
II. PERTURBATION QUANTIFICATION OF FUZZY RANDOM VARIABLES A. TRANSFORMATION OF FUZZY VARIABLES
A fuzzy random variable is defined as a fuzzy variable whose characteristic parameter is a fuzzy number, such as the mean VOLUME 7, 2019 or standard deviation of the random variable is a fuzzy number.
For fuzzy characteristic parametersx = (x 1 , x 2 , · · · , x n ) in fuzzy random variables, they can be expressed as the sum of their true values X = (X 1 , X 2 , · · · , X n ) and fuzzy perturbationsβ, sox
Then the fuzzy perturbation can be expressed asβ =x − X . According to the fuzzy decomposition theorem, any fuzzy variable can be decomposed into a series of intervals under level cut set, and the decomposition is given as follows:
where,
λ respectively represent the upper and lower limits of the interval under level cut, β
B. SELECTION OF PERTURBATION
The key to the quantification of fuzzy random variables is the selection of the perturbation, and need to ensure that the amount of perturbation is much smaller than the true value. Since the standard deviation measures the degree of dispersion of a data set, the standard deviation can be used as a measure of uncertainty. Therefore, when select the perturbation of the fuzzy variable, take β − λ = −β λ , β + λ = β λ and make the perturbation β λ equal to its standard deviation. The interval variable x λ under level cut is usually equivalent to a random variable, such as a uniformly distributed random variable, and then the mean µ λ x = (x − + x + )/2 and standard deviation σ λ x = (x + − x − ) 2 /12 are obtained. The perturbation β λ takes the standard deviation of its equivalent random variable β λ = σ λ x ; the true value X takes the mean of its equivalent random variable. For example, a fuzzy random variableq obeys a normal distributionq ∼ N (m, 9
2 ). The meanm is a fuzzy quantity and its membership functions are as follows:
Decomposem into a series of interval variable m λ under different level cut. Then Equivalent interval variable to random variable and calculate the equivalent mean and equivalent standard deviation. For example when λ = 0.5, calculate the equivalent mean value µ 0.5 m = 211.5 and the equivalent standard deviation σ 0.5 m = 2.5981. So select the equivalent standard deviation as the perturbation β 0.5 = σ 0.5 m and the true value is X 0.5 = µ 0.5 m = 211.5.
III. PERTURBATION ANALYSIS OF STRUCTURAL FUZZY RELIABILITY A. FUZZY PERTURBATION ANALYSIS
In structural reliability theory, the probability of failure is [39] . Hence, the structural reliability is P r = g(x)>0 f (x)dx. The formula of structural reliability is as follows:
where f (x 1 , x 2 , · · · , x n ) denotes the joint probability density function, g(x 1 , x 2 , · · · , x n ) denotes the performance function. When structural variable is a fuzzy random variable, its probability density function and structural performance function are both fuzzy. According to the fuzzy decomposition theorem, they can be decomposed into a series of intervals under different level cut.The decomposition is as follows:
− λ respectively represent the upper and lower limits of the interval under different level cut;
− λ respectively represent the upper and lower limits of the interval under different level cut.
When the probability density function and the structural performance function are nonlinear functions, the upper and lower limits of the interval under the level cut set are expanded by Taylor series at the equivalent mean point and ignore 2nd order Taylor series expansion. Then the perturbation expansions of the joint probability density function and the performance function are obtained as shown in (5) and (6) .
are the values of the partial derivatives of f (
are the values of the partial derivatives of
are the values of the partial derivatives of g(
B. STRUCTURAL FUZZY RELIABILITY DIRECT INTEGRATION METHOD
The methods for solving structural reliability can be roughly divided into direct integration method [40] , approximate probability method [41] and numerical simulation method [42] . Due to direct integration method has higher calculation accuracy and this method is used to solve structural reliability in this paper. One of keys in solving reliability problem by direct integration method is the regularization of the integral region, which can introduce step function h(.) to be solved. So (3) is converted into (7). Considering subsequent variation operation, sigk(x) function is used to replace the step function h(.) [43] , as shown in (8) . Among it, sigk(x) = 1/(1 + exp(−kx)). In order to make the value of Function sigk(x) as close as possible to the step function h(.), make k equal to 100.
When there are fuzzy random variables in structure, the reliability becomes as follows:
Substitute (5) and (6) into (9) and obtain the fuzzy reliability under each level cut set as follows:
Perform interval operation on the above (10) to obtain the upper and lower bounds of the reliability intervals under level cut set as follows:
Among it,
of fuzzy reliability under each level cut set, and finally according to the fuzzy decomposition theorem the fuzzy reliability of the structure is given as (12) shown.
C. CALCULATION PROCESS
Aiming at the nonlinear structural fuzzy reliability analysis problem, the perturbation theory and fuzzy decomposition theory are used to perturb the fuzzy random variables, and the structural fuzzy reliability analysis problem is transformed into the structural non-probabilistic reliability analysis problem. Firstly, the fuzzy characteristic parameters of the structural fuzzy random variables are expressed as the sum of the true value and the fuzzy perturbation, and then they are decomposed into a series of intervals under level cut sets. Secondly, the fuzzy joint probability density function and the performance function are decomposed into a series of intervals under level cut sets, and the Taylor series expansions are performed on the upper and lower limits of the intervals. The perturbation expansions of the joint probability density function and the performance function are obtained. Finally, according to the definition of structural reliability, the direct integral method is used to solve the reliability under different level cut sets. Then the structural fuzzy reliability is given according to the fuzzy decomposition theorem. The calculation process is shown as Fig. 1 . 
IV. EXAMPLES
The structural fuzzy reliability of each example is calculated by the proposed method in this paper, and compared with Error Analysis Method [43] and the traditional methodVertex Solution Methodology [44] . The proposed method in the paper-Perturbation Analysis Method is abbreviated as PAM, Error Analysis Method is abbreviated as EAM and the traditional method-Vertex Solution Methodology is abbreviated as VSM.
A. EXAMPLE 1
Refer to the example in [45] , a freely-supported beam subjected to uniform load is shown in Fig.2 . The length l, section width b, section height h are all basic variables, that is l = 4000mm, b = 105mm, h = 210mm.q is a fuzzy random variable, its distribution form is normal, that isq ∼ N (m, 9 2 )N/mm, the meanm is fuzzy number and its membership function is shown as Fig. 3 . The material of the beam is 45-steel whose strength.R is a fuzzy random variable and its distribution form is normal that isR ∼ N (n, 20 2 )MPa. n is fuzzy number and its membership function is shown as Fig. 4 . Calculate the structural fuzzy reliability. In this example, the fuzzy random variablesR andq constitute the fuzzy vector field of the structureX = {q,R} = {x 1 ,x 2 }, so the fuzzy vector fieldX can be expanded to the sum of its true value and fuzzy perturbation, shown as follows:X = X +β where X = {X 1 , X 2 },β = {β 1 ,β 2 }.
According to the fuzzy decomposition theorem, it is decomposed into the intervals under level cut sets:
And calculate the mean and standard deviation of the equivalent uniform distribution random variables: µ 1λ = 213−3λ, σ 1λ = 3
According to the fundamental theory of material mechanics, the maximum stress of the freely-supported beam is S = 0.75ql 2 bh 2 .
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Then according to the failure criterion of the freelysupported, the performance function can be determined as follows:
The joint probability density function of the input variable can be written as: f (x 1 , x 2 ) = . The structural performance function and the joint probability density function are decomposed into a series of interval quantities under level cut set, and the upper and lower limits of the interval are expanded by Taylor series at the equivalent mean point, and ignore 2nd order Taylor series expansion.
Using the direct integration method, the interval values of the above structural performance function and the joint probability density function are substituted into (10) to obtain the fuzzy reliability under each level cut set.
+ λ ]dx 1 dx 2 · · · dx n Perform the interval operation on the above equation to obtain the upper and lower bounds of the reliability interval:
Substituting the above equation into (11) and the reliability interval P λ = [P Table 1 , and draw the reliability membership function as shown in Fig. 5 . At the same time, the traditional method-VSM and Error Analysis Method-EAM are used to obtain the fuzzy reliability for comparison.
It can be seen from values, the fuzzy distribution parameters in the fuzzy random variables are expressed as the sums of their true values and perturbations by PAM in this paper, and the reliability interval values are calculated by direct integration method. Compared with the fuzzy reliability calculation results of EAM and VSM, the reliability membership function curve of PAM is much narrower, and the reason is the selection of small perturbation. In essence, the perturbation of fuzzy random variables is selected according to the standard deviation of fuzzy variables. The narrow reliability interval is closer to the actual number, which is beneficial to application in engineering practice.
In order to verify the robustness of the proposed method, the fuzzy meanñ of the fuzzy random variableR ∼ N (n, 20 2 ) in the example is adjusted, and the left and right boundary values of the triangular membership function are scaled by k times of the standard deviation. Take k = 0.5, 1, 3, 5 in turn, as shown in Fig. 6 , and calculate the fuzzy reliability of the simply supported beam by PAM and EAM as shown in Fig. 7 .
It can be seen from Fig.7 , compared with EAM, the reliability value calculated by PAM has better robustness. The smaller the equivalent standard deviation of the fuzzy mean, the smaller the value of the perturbation, and the better the robustness of the calculation result by PAM. when the fuzzy parameter in the fuzzy random variable is changed, the equivalent standard deviation is also changed. For example, when k = 3 the left and right boundary values are expanded, the equivalent standard deviation of the fuzzy mean is expanded by 3 times and the perturbation is expanded by 3 times. However, when the fuzzy parameters in the fuzzy random variables are expanded, the reliability interval starts to widen and the robustness deteriorates. Therefore, the perturbation selecting should be less than 3 times of the standard deviation.
When the standard deviation of the fuzzy random variable is a fuzzy variable, the perturbation is chosen to be less than 3 times of the equivalent mean of the standard deviation. Therefore, the proposed method is only applicable to the case of small perturbation. When the perturbation is large, the structural reliability analysis by PAM will fail. 
B. EXAMPLE 2
Refer to the example in [46] , taking the influence of the ignition pressure on the grain as an example, calculate the fuzzy reliability of the grain. The related variables' distribution types are normal distribution. The basic material parameters of the grain are as Tab.2 shown. The Poisson's ratio is a fuzzy random variable, its distribution form is normal, that isÑ (p, 0.0004 2 ),p is a fuzzy number and its membership function is shown as Fig. 8 . The Maximum allowable strain (von Mises)γ 8m is a fuzzy random variable, its distribution form isG ∼ N (q, 0.001 2 ) MPa,q is a fuzzy number and its membership function is shown as Fig. 9 . Calculate the fuzzy reliability of the grain at the engine starting 900 s. When the Maximum von Mises strain of structure γ 8 is greater than γ 8m , the grain is considered to be damaged. Give the performance function g = γ 8m −γ 8 . Establish the physical model of grain as shown in Fig. 10 .
The octahedral shear strain allowable values γ 8m are calculated with finite element software ANSYS. Because the Poisson's ratio is fuzzy random variable, Poisson's ratio interval values are obtained under different level cut set through finite element software ANSYS as shown in Tab. 3. Fig. 11 is the equivalent strain of the grain at 900 s time in Poisson's ratio of 0.491.
In this example, the fuzzy random variables-Poisson's ratio has been calculated by ANSYS to obtain the intervals of shear strain under different level cut sets. Then the fuzzy random variableγ 8m is expanded to the sum of its true value and the fuzzy perturbation, which is expressed as follows:
Using the proposed method, the performance function and the probability density function are expanded into Taylor series, and then use the direct integral method to calculate the structural reliability intervals. On this basis, the calculation results under different level cut are listed in Tab. 4, the membership function of reliability is shown in Fig. 12 . At the same time, EAM and VSM are used to obtain the fuzzy reliability for comparison.
It can be seen from Fig. 12 , the reliability membership function curve of PAM is much narrower than that of VSM. The PAM method has good robustness when taking small perturbations. It has been verified in Example 1. In this example, the structure of fuzzy random variables is analyzed by finite element numerical analysis. The Poisson's ratio is a fuzzy random variable and the equivalent shear strain interval value is obtained by ANSYS software. Then the fuzzy membership function of the structural reliability is calculated by the proposed method in this paper. For practical problems of structural engineering, finite element method often can be used to solve reliability in which the analytic expressions of performance function often cannot be got. This example is to solve the practical problem of the project. The results of the example show that the method is feasible.
The computation amount of PAM is the same as that of EAM which makes 22 (11 × 2) structural analysis at 11 level cut sets while VSM requires 41(10 × 2 2 + 1) structural analysis. The computation amount of PAM is much smaller than that of VSM. In addition, the efficiency of PAM is improved obviously, and this efficiency advantage will become more apparent when the number of fuzzy variables increases. 
C. EXAMPLE 3
Refer to the example in [47] , the vehicle manipulator of a certain type lunar rover is shown in Fig. 13 . Check the stiffness and calculate the reliability of the structural stiffness that is the probability of the maximum deflection of the manipulator not exceeding the allowable deflection.
Because of the uncertainty factors such as external load, geometric size, material properties and processing technology, the structural deflection of the manipulator is an uncertain variable. Assuming that the maximum static deflection of the manipulator is normal distribution, its value can be considered as the product of the maximum nominal static deflection and random deformation coefficient. Among them, the maximum nominal static deflection can be calculated by the finite element software ANSYS under the nominal structure parameters as shown in Fig. 14 and the maximum nominal static deflection is 1.499µm. The random deformation coefficient K g reflects the comprehensive influence of the above uncertainties on the deflection of the manipulator, and it is normal distribution K g ∼N (1, 0.1 2 ). Considering the complexity of the lunar environment, when the manipulator is on the lunar surface, the vibration of the manipulator makes the actual deformation increase compared with the static state. This case is described by dynamic load factor K d which is a fuzzy random variableK d ∼ N (k d , 0.1 2 ) . The mean k d is a fuzzy number and its membership function is shown in Fig. 15 . In addition, the maximum allowable deflectionw of the structure can be set as a fuzzy number by the limitation of the subjective cognitive ability of the lunar research task, and its membership function is shown as Fig. 16 .
Based on the above analysis, establish the performance function of the stiffness of the manipulator shown as follows: The joint probability density function is f (x 2 ,
3 . Use the proposed method, EAM and VSM to calculate the reliability and results are shown in Table 5 and draw reliability membership function of manipulator as shown in Fig. 17 .
In Table 5 , the reliability interval values of different level cut sets are obtained by PAM, EAM and VSM. And according to it, the reliability membership function curve is drawn as Fig. 17 shown. In contrast to the previous examples, in Example 3 there are fuzzy variables and random variables in addition to fuzzy random variables. The proposed method combines with fuzzy perturbation analysis to solve the structural fuzzy reliability. The process of the calculation and analysis of reliability gives a complete demonstration of its application and help people to further understand the practical application of this method.
V. CONCLUSIONS
In this paper, aiming at structural reliability analysis problem with fuzzy random variables, the perturbation theory and fuzzy decomposition theory are used to quantize fuzzy random variables, so that the structural fuzzy reliability problem is transformed into the non-probabilistic reliability one and the fuzziness of the fuzzy random variable is transmitted to the structural reliability through structural performance function and probability density function. Then reliability is solved by direct integration method. In the solving process by direct integral method, the integral region of the structural performance function is firstly regularized; then the firstorder perturbation analysis is performed for the structural performance function and the probability density function; finally, the structural reliability intervals are solved by direct integration method and the fuzzy reliability is obtained by the fuzzy decomposition theorem. In the structural reliability direct integration method, the sigmoid function can be used to approximate the step function, which overcomes the drawbacks of the step function without derivative at the origin of the coordinate. It gives a new way for practical application of the structural reliability direct integration method. And direct integration method makes the proposed method have high accuracy.
From the perspective of the calculation amount, when there are n fuzzy variables it is necessary to perform fuzzy decomposition of K times. The proposed method PAM requires 2 × K × n structural analysis while the traditional method VSM needs 2 n (K − 1) + 1 structural analysis (fuzzy variables are triangular membership function). The proposed method greatly reduces the number of structural analysis and save the calculation cost. The proposed method provides a feasible way to solve the fuzzy reliability problem of complex structures.
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